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1 
I. INTRODUCTION 
1 .1. General 
The use of nuclear energy in the production of electrical 
power involves substantial structural sJTstems comprised of pressure 
and containment vessels that house the nuclear reactor. Efficient 
operation of a nuclear plant requires a large electr~cal output. This 
requirement means structures of sizeable dimensions. 
Most of the water-cooled nuclear reactors in operation at 
present are sheltered by two major structural units: the primary 
pressure vessel and the secondary containment vessel. The primary 
container is normally a steel pressure vessel whose basic function is 
to hold the coolant systemTs pressure. This vessel is surrounded by 
a massive concrete primary shielding structure. The secondary structure, 
the containment vessel, encloses the primary container ~roviding a 
second protective shield. 
An alternate to the use of liquid coolants is a pressurized 
gas system. The gas-cooled reactor calls for a large core space, which 
requires the construction of much larger primary pressure vessels. The 
inherent difficulties that would be involved in the transportation and 
construction of steel units of the size necessary for gas-cooled 
reactors have led to the need for a more versatile type of structure. 
The vessel must be built on site and meet the serviceability and safety 
requirements. The solution adopted has been the use of prestressed 
concrete reactor vessels (PCRV's), which not only serve .to hold the 
coolant system but also provide the shielding and containment .. Most 
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of the existing PCRV units have been built in the United Kingdom and 
France. 13 The first nuclear reactor of this type in the United States 
will be the Fort St Vrain high-temperature gas-cooled reactor. The 
design and construction of this plant, is being performed by Gulf 
General Atomic, for the Public Service Company of Colorado. 24 
The basic principle in the design of this type of structure 
is analogous to that of the prestressed concrete beam or slab. The 
fundamental concept is to precampress the walls of the vessel to such 
a level that the tension caused by interior pressure, temperature and 
other service loads, is balanced by the initial prestress resulting in 
an essentially stress free ~ontainer (load balancing concept). This 
zero stress situation can not be accomplished exactly throughout the 
entire structure. Stress gradients are too sharp in some regions. In 
those regions, particularly where discontinuities are present, some 
high tensions exist requiring special reinforcement provisions. 
Overall, the load carrying members of the vessel are the 
prestressing tendons. The concrete serves to transmit the pressure 
loads' to the tendons and to provide the shielding of a containment 
vessel. 
The shapes used for prestressed vessels have varied from a 
cylinder bounded by two inverted, nonprestressed, hemispherical heads 
(Marcoule Vessels, France), to a spherical shell (Wylfa vessels, 
) 13 24 England.' The current trend of prestressed concrete vessel con-
figurations in the United States, as well as in Europe, is to thick 
walled cylinders delimited by flat end slabs. This study is concerned 
with such a cylinder-flat end slab vessel configuration. 
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Most of the conventional methods of analysis for pressure 
vessels are based on thin shell theory. This approach, although quite 
suitable for steel vessel~ can only be used to a limited extent for 
prestressed concrete vessels. Since prestressed concrete vessels are 
thick-walled structures the assumptions of thin shell theory are not 
valid. 
A wide variety of methods has been utilized for the analysis 
and design of PCRVTs. The range extends from the compatibility metbod3 
to sophisticated procedures based on the finite element and finite 
difference techniques. Model testing has also been used to. confirm and 
amplify the results of analytical studies. One of the analytical 
procedures used rather extensively by the British designers is the 
dynamic relaxation metbod. 17,18 ~namic relaxation is a direct applica-
tion of the finite difference concept that is closely related to the 
lumped parameter method of analysis employed in this study. The 
American design approach has been, basically, the finite element pro-
1 0 20 
cedure, /' duly complemented by model tests. 
A very important feature of the finite difference and finite 
element methoQs is their flexibility in dealing with almost any vessel 
configuration. Even problems associated with openings in the vessels 
can be conveniently studied by extending these methods to a three-
dimensional analysis. 19 
Reactor vessels have several major openings as needed for 
the operation of the unit. These openings introduce discontinuities 
resulting in localized concentration .of stresses. Although this fact 
cannot be overlooked when designing the unit, the assumption of 
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axi-symmetry is an extremely good approximation insofar as the overall 
structural behavior of the vessel is concerned. 
Design, according to current standards, is satisfied by 
elastic analysis of the pressure vessel. A commonly accepted design 
criterion consists in requiring that the structure exhibit an elastic 
response under all possible combinations of design and test loads. The 
importance of an analysis which goes beyond the elastic limit and 
therefore indicates the mechanism by which the structure fails should 
be recognized. Such an analysis should provide for the detection of 
incipient failure, and the evaluation of damage and serviceability in 
case of an accidental increase of the loads beyond the operating levels. 
As already mentioned, a PCRV is intended to perform the func-
tions of both the primary and secondary containers. As such, it is 
mandatory that the mode of failure of the vessel be essentially 
ductile. There is no second line of defense. For a particular vessel 
configuration, the failure of the unit may result from any of several 
different yet possible mechanisms. The predominance of one mechanism 
over· the others depends upon the relative dimensions of the elements 
which make up the vessel and the level of prestressing. Some form of 
ultimate analysis is the only certain way to determine the failure 
mechanism for a given prestressed concrete pressure vessel. 
In the case of cylindrical vessels with flat ends, the failure 
mechanism may be associated with the cylindrical wall or the slab. 
The wall, prestressed longitudinally by straight or slightly 
curved cables and laterally confined by some type of circumferential 
prestressing, can fail by either of two basic mechanisms: 
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(a) longitudinal tensile stresses exceeding the longitudinal prestress, 
resulting in a horizontal fracture near the midsection of the vessel, 
or (b) circumferential tension, resulting in longitudinal cracks that 
eventually split the vessel into slices. Since these two modes of 
failure are controlled by the prestressing tendons, they are essentially 
ductile. 
The slab, whether reinforced or unreinforced, is laterally 
confined. It m8y fail as a consequence of: (a) bending, developing 
into generalized yielding, or (b) shear, characterized by part or all 
of the slab suddenly punching out. 
The shear mode of failure is brittle and, for this reason, 
must be avoided. The shear failure of the end slab of a PCRV is 
similar, in consequence, to that of the steel pressure vessel when used 
as primary container for water-cooled reactors. A steel pressure 
vessel, being in a state of nearly uniform tenSion, exhibits a sudden 
failure which results in the complete destruction of the unit. The 
possibility of a shear mode of failure in a PCRV develops as 
undesirable a vessel as a steel vessel. 
The ultimate analysis then becomes a necessary tool in 
selecting the right dimensions and prestressing to assure a design 
with a ductile mode of failure. 
1.2. Description of the Type of Vessels Under Study 
1.2.1. The Vessels 
In accordance with the present trends in the construction of 
prestressed concrete nuclear reactor vessels (PCRV's), the pressure 
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vessel under study is a thick-walled concrete cylinder with flat ends. 
The ends are thick circular slabs built monolithically with the wall. 
This analysis considers the case of a vessel free from openings. 
A vertical cross section through the vessel is shown in 
Fig. 1. Two different types of prestressing provide the structural 
integrity for this unit: (a) longitudinal prestressing, supplied by 
a set of high-strength steel cables or rods placed inside the 
cylindrical wall, at a specified distance from its interior face; 
(b) circumferential or hoop prestressing, provided by either a single 
cable helically wrapped around the cylindrical body, or by a series of 
independent cables prestressed individually. As shown in Fig .. 2 the 
longitudinal tendons are uniformly spaced and arranged in an annular 
manner. The prestressing loads are transmitted to the head through 
steel plates, which distribute the high reactive stresses to the 
neighboring area. 
The longitudinal cables, representing prestressing tendons 
in the full-scale vessel, can be grouted or ungrouted. Although both 
cases have been considered in the analysis, the results presented 
later correspond only to the ungrouted case. Because the circumferential 
prestressing occupies a peripheral position, it has been treated as an 
ungrouted tendon. 
1.2.2. The Loads 
Two types of loading are considered to be acting on the vessel: 
the prestressing applied to the concrete unit and the internal pressure. 
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The first type of load is, in general, the combination of 
the initial applied prestressing and the increase in prestressing due 
to the deformations induced in the vessel through the application of 
internal pressure. The second loading, internal pressure, simulates 
the effect of the pressurized gases. contained by the PCRV. In the 
case of an operational accident, this internal pressure may build up 
high enough to force the structure into inelastic behavior. 
Because of the uniform arrangement of the prestressing 
cables and the axi-symmetry of the vessel, the loads acting on the 
structure are also axi-symmetric. 
The temperature gradient that develops during the operation 
of the unit, although a very important aspect in the design of a 
reactor vessel, is not considered in this analysiS. 
1.3. Object and Scope 
The object of this study is the development of a mathematical 
procedure suitable for the analysis of prestressed concrete pressure 
vessels in both the elastic and inelastic ranges. It has been found 
that a lumped parameter apprcach offers a number of advantages in the 
treatment of localized inelastic behavior. The analogue used here 
is an extension of the lumped parameter model developed at the 
University of Illinois. The model was initially used for a study of 
contained plastic flow problems. ll 
Axial and radial displacements, as well as stresses and 
strains, are calculated at various points in the body of the vessel 
at various stages of loading. Material properties, at the nodes 
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representing the continuum, are evaluated according to whether elastic 
behavior or cracking prevails at that particular location. A cracking 
table, showing such a status, is produced every time that the tensile 
strain at a new node exceeds a specified level, taken as the cracking 
criterion. 
The numerical results obtained illustrate the behavior of a 
sample vessel from the regular operational level of internal pressure 
to the advanced state of cracking which precedes complete failure. The 
mode of failure of the unit is inferred from this ultimate analysis. 
A comparison is made with some experimental results obtained 
from a series of tests on small-scale pressure vessels at the 
Structural Laboratory of the University of Illinois. 
1.4. Nomenclature 
Each symbol used in the test is explained when it is first 
introduced. However, a summary of the notation is also presented below 
for convenience of reference. 
A 
cp 
[C] 
{d} 
D 
E 
c 
cross-sectional area of the circumferential 
prestressing cable or cables 
cross-sectional area of the longitudinal 
prestressing cables 
orthotropic stress-strain coefficient matrix 
after cracking 
grid displacement vector 
external diameter of vessel 
Young's modulus of concrete 
Young's modulus of steel 

F 
F 
cp 
FC Fd 
z' z 
H 
[M] 
n 
N 
{P} 
r,z,8 
s 
[8] 
t 
c 
t 
s 
[T ] 
E 
u 
scale factor on increment of internal pressure 
to the formation of a new crack 
prestressing force in the circumferential 
prestressing cables 
9 
prestressing force in the longitudinal prestressing 
cables 
radial forces acting on element faces a,b 
longitudinal forces acting on element faces c,d 
circumferential force acting on element radial faces 
height of vessel 
coefficient matrix for the discrete system of 
equilibrium equations 
number of displacement nodes in the grid 
number of longitudinal prestressing cables 
applied internal pressure 
load vector 
load in the r ,direction for the kth displacement 
node 
load in the z direction for the kth displacement 
node 
polar cylindrical system of coordinates 
spacing of circumferential prestressing cables 
elastic stress-strain coefficient matrix 
cylindrical wall thickness 
slab thickness 
shear forces at element faces a,b,c,d 
strain transformation matrix f!om r,z,8 coordinate 
system to 1,11,8 principal directions 
displacement in the radial direction 

u .. lJ 
f3 
bp 
bw 
E 
cr 
cr cr cr cr 
E , E ,Ee , r r z rz 
pr pr pr pr 
E ,E ,Ee , "( r z rz 
radial displace~ent at node (i,j) 
displacement in the longitudinal direction 
longitudinal displacement at node (i,j) 
cartesian system of coordinates in the 
principal strain directions 
angle between the maximum principal strain 
and the r ·axis 
shear strain in the rz-plane; superscript refers 
to the node where strain is defined 
increment of prestressing force in an ungrouted 
longitudinal cable caused by vessel deformations 
increment of prestressing force in a grouted 
longitudinal cable caused by local deformations 
at node (i,j) 
internal pressure increment 
strain increments caused by 6p increase of 
internal pressure 
dihedral angle between two radial grids 
longitudinal displacement increment at 
distribution plate 
strain vector in the r,z,e coordinate system 
principal strain vector 
cracking strain criterion 
radial strain; superscript refers to the node 
where strain is defined 
nodal strains at incipient cracking 
nodal strains after cracking 
principal strains in plane rz 
circumferential strain 
10 

A-
r 
A-
z 
v 
(a} 
0" 
cp 
[a } p 
-b 
cr 
r 
c d 
cr ,a ,a 
z z z 
a b 
1" 1" 1" 
rz' rz' rz 
grid length in the r direction 
grid length in the z direction 
Poisson1s ratio of concrete 
stress vector in the r,z,e coordinate system 
equivalent circumferential prestressing pressure 
principal stress vector 
radial stress; superscript identifies 
particular stress 
11 
equivalent radial stress at the re-entrant corner, 
represents internal pressure and interaction 
stresses. at the node 
longitudinal stress; superscript identifies 
particular stress node 
circumferential stress 
shear stress in the rz plane; superscript identifies 
particular stress node 
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II. METHOD OF,ANALYSIS 
2.1. Governing E~uations 
For the purpose of presenting the governing differential 
equations, the axi-symmetric body shown in Figs. 3(a) and 3(b) is 
considered. The position of an element in the plane of a cross section 
is defined by means of the cylindrical polar system of coordinates 
r,z,e; z has been chosen to coincide with the axis of symmetry, r points 
outwards from this axis in a radial direction, and e is the central 
angle measured from an arbitrary chosen base meridional plane. The 
components of displacements in the radial, and longitudinal directions 
are denoted by u and w respectively. The standard notation a
r
, Er' az ' 
25 
ae , Ee , ~ez' fez is used to indicate stresses and strains in the 
r, z, and e directions. 
According to small displacement theory, the components of 
strain for axially symmetric deformations in polar cylindrical coordinates 
are: 
~ f rz 
du Ow E ~ dz+dr r 
Ow f~ 0 (2.1) E dz , = z 
u fez 0 Ee r 
Considering the infinitesimal element shown in Fig. 3, the 
e~uations of equilibrium can be deriy~d by projecting forces on the 
coordinate axes. From equilibrium of forces in the r direction: 
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(0 
r 
in the z direction: 
- T (r - dr)dBdz 0 
rz 2 
This derivation is presented here in order to emphasize the similarities 
between the differential equations for the continuum and the discrete 
equations for the model. A comparison of the equations for the 
continuum with those of the discrete system, developed subsequently, 
shows that there is a one to one correspondence between the two sets of 
equations when 2nd and highe~ order terms are neglected. 
Rearranging, and neglecting second order terms, the 
differential equation of equilibrium can be written as: 
dO dT 
r rz 
dr+dZ+ 
for the r direction, and 
dO dT 
z rz 
"""dz+ dr"+ 
for the zdirection. 
T 
rz 
r 
= 0 
o 
(2.2) 
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2.2. Selection of the Method of Analysis 
A survey of the different methods available for the analysis 
of ax i-symmetric bodies reveals that the most suitable approach to the 
solution of this three-dimensional problem is through the use of a 
discrete mathematical model. An important consideration in the 
selection of the discrete mathematical model is the adaptability of 
the procedure to the treatment of cracking and inelastic behavior. 
The conventional compatibility method, which has been 
fre~uently used in the preliminary design of nuclear reactor containment 
vessels, is not well suited to include consideration of local plastic 
and/or fracture properties of the material. The same limitations are 
in general true for the theories of thick or moderately thick shells, 
such as the one recently developed by Martinez-Mar~uez.14 The finite 
element procedure, although very promiSing, has been employed only 
recently in the treatment of inelastic behavior. 
The finite difference techni~ue is rarely used directly. 
Instead, various methods based on the theory of finite differences 
have been devised to tackle specific problems. These methods make 
use of models that provide a physical representation of the continuum 
and facilitate the introduction of boundary conditions. The e~uations 
for such models are consistent with the corresponding finite difference 
e~uations. An outstanding example of these methods is otterTs dynamic 
1 . 17,18 re axatlon. 
The lumped parameter model is a ~uite simple and yet versatile 
method for obtaining solutions to continuum problems. In particular, 
it is capable of treating localized inelastic behavior. Lumped 
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parameter models have been used extensively at the University of Illinois 
to solve a variety of problems) including the elastic and plastic 
behavior of thin shells 15) 22) 23 and thick circular plates) 9 wave and 
crack propagation through a continuum)1)4,7,lO and circular plates 
undergoing large disPlacements. 6 
The lumped parameter model consists of a network of rigid 
bars joining deformable nodes arranged to form a finite degree of 
freedom approximation to the actual structure. The mechanical properties 
of the continuum are discretized at these deformable nodes) where the 
complete strain and stress tensors are defined. This way, when the 
equilibrium. equations are written for a mass delimited by the six 
neighboring extensional nodes,- any kind of behavior: elastic, plastic, 
fracture, or even local anisotropies, can be easily incorporated for 
those problems where such considerations are necessary. 
This versatility in treating the properties of the continuum 
is very significant, especially when dealing with concrete, a material 
that exhibits a very complex elastic-plastic behavior in compression 
and an elastic-fracture behavior when in tension. 
The model is perfectly consistent with the differential 
equations governing the continuum. It will be shown later that the 
mathematical relations employed are equivalent to the central difference 
analogues of the respective governing equations. 
The simplicity in introducing boundary conditions and the 
physical interpretation that the model itself provides are additional 
assets of this method. 
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2.3. Description of the Lumped Parameter Model 
The lumped parameter model is composed of mass or displace-
ments nodes and deformable or stress nodes, arranged in a prescribed 
pattern. Their relative position, in the three-dimensional grid 
representing the vessel is shown in Fig. 4. 
Polar cylindrical coordinates r,z,B, are used to fit the 
configuration of the vessel. The mesh lengths, i.e., the distance 
between two consecutive displacement nodes belonging to the same radial 
section, are ~ and ~ in the radial and vertical directions. Two 
r z 
contiguous radial sections are separated by the dihedral angle ~e/2, 
which encloses the material corresponding to a pie-shaped segment that 
contains and is centered about one longitudinal prestressing cable. 
Thus, the numerical value of dihedral angle equals 3600 divided by the 
number of longitudinal cables. 
The displacements u and ware measured in the rand z 
directions at the location of each mass node. A deformable node is 
the point of definition of the complete average strain and stress 
tensors in an element enclosed by the six neighboring displacement 
nodes. Three orthogonal springs provide the physical representation 
of the extensional properties in the radial, vertical and tangential 
directions, while circular rings, in the rz plane, simulate the shear 
properties. Since there are no shear deformations in the rB and 
Bz planes, because of ax i-symmetry, the corresponding rings have been 
omitted in Fig. 4(a). 
The condition ofaxi-syrmnet,ry simplifies the study of the 
structure. To obtain a complete solution for the vessel it is 
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sufficient to analyze a single radial section, with due consideration 
given to the direct circumferential strains and stresses. Because of 
symmetry, only one quarter of the vessel1s cross section is sufficient 
to describe the entire vessel1s behavior. 
A typical grid arrangement, for the radial cross section 
representing the vessel, is illustrated in Fig. 5. Two coordinate 
systems serve to identify the position of the different nodes in the 
mesh. The r,z coordinates, mentioned above, have their origin at the 
center of the cylindrical cavity. The discrete coordinates i,j take 
on only integer values. The coordinate i=l is the locus of the points 
on the axis of the cylinder, and j=l is the locus of those points lying 
in the horizontal plane of symmetry at mid-height of the vessel. The 
symmetry condition at mid-height is represented by a roller support 
which, while introducing a rotational constraint, allows lateral dis-
Flacements of the wall. 
2.4. Basic Definitions and Relations for the ~1odel 
2.4.1. Strain-Displacement Relationships 
A typical element in the model is enclosed, as indicated 
above, by the six neighboring stress nodes. The strain tensor, defined 
at the location of a stress node, is evaluated directly from the dis-
placements measured at the surrounding mass nodes. 
Using the nodal numbering system shown in Fig. 6, the strain-
displacement relationshiFs for stress node a are: 

a 
"/ rz 
u i +lj+l - u i +lj _l 
A 
z 
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(2.4) 
where E~' E:, E~ and "/~z are the radial, longitudinal, tangential and 
shear strains at stress node a; uij ' wij ' u i +2j ' wi +2j ' u i +lj+l , wi +lj+l ' 
etc., are the radial and longitudinal displacements at mass nodes whose 
discrete coordinates are (i,j), (i+2,j), (i+l,j+l), etc.; r. 1 is the l+ 
r coordinate of stress node a. Since displacements are only defined 
at the mass nodes, i. e., u. l' do'es not have any meaning in terms of 
l+ J 
the model, Ee has been expressed as the average of the displacements 
u. 2' and u .. ' l+ J lJ 
11 In the original model, as developed by Harper and Ang, two 
consecutive radial grids are analyzed simultaneously. In this way both 
displacements, u and w, as well as the stress and strain tensors appear 
completely defined at every single node in the network. The averaging 
process described above, in connection with the equation for Ee, is 
avoided, but in so doing, the number of equations to be solved is 
approximately twice as large as the number required for the model 
presented here. The results obtained with the single net model show 
that this averaging approximation is perfectly valid. 
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The strain-displacement relationships given by Eqs. 2.4 are 
the central finite differences equivalents of the corresponding dif-
ferential equations. 
2.4.2. Equations of Equilibrium 
The equations of equilibrium for an element, represented in 
the grid system by a displacement node, are related to the displacements 
defined at the nine neighboring nodes, including the one corresponding 
to the element in question. Figure 6 shows such a set of displacement 
and stress nodes. 
The net'Vlor ks shown in Fig. 7 are composed of u and w dis-
placement nodes and direct and shear stress nodes. Horizontally the 
u displacement nodes alternate with direct stress nodes) represented 
by two orthogonal springs, and the displacements nodes alternate with 
shear stress nodes, represented by rings. Only one of these grids is 
needed for the finite approximation to the vessel in the elastic range. 
In fact, such a grid would be the perfect physical analogue for Otter's 
dynamic relaxation method. 17 However, the Otter model is not amenable 
to plastic behavior and has a physical separation of the points of 
definition of the various components of both the stress and the dis-
placement vectors. 
The typical mass element corresponding to displacement node 
ij in grid 1, Fig. 7(a), has dimensions ~ ) A ,68. Figure 8 shows this 
r z 
element and the forces participating in the r equation. These forces 
are: 

Fa a r. 1 DB A-cr 
r r l+_ z 
Fb b r. 1 6,8 A-cr 
r r l- z 
Fij ij A- A-8 cr8 r z 
TC c 6,8 A-1" r. 
rz rz l r 
Td d 6,8 A-1" r. 
rz rz l r 
Since 
and 
the sum of the projections on the r-axis yields: 
A- b A-
cra(r. + 2r )D.BA-
z 
- cr (r. - 2:.).68A- + 1"'~ r . .68""A. 
r l r l 2 Z rz l r 
after simplifying) the r equation becomes: 
a 
cr 
r 
b 
cr 
r 
----+ A-
r 
C 
1" 
rz 
d 
- 1" 
rz 
-----+ 
f.. 
z 
~ (cr~ + cr~) - cr8 
r. 
l 
o 
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(2.6) 
Figure 9 shows the mass element associated with displacement node ij 
in grid 2) Fig. 7(b). The longitudinal forces acting on it are: 

a ~ r DBA 
rz i+I z 
T
b b ~ r. IDBA 
rz rz l- z 
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Performing similar operations to those outlined above, the z equation 
is obtained, 
c d a 
a - a ~ 
z z rz 
b 
- ~ 
rz 
+ --------- + A 
r 
1 (~a + ~b ) 
2 rz rz 
r. 
o (2.8) 
l 
Equations 2.6 and 2.8 are mathematically consistent with the central 
finite difference analogues .of the governing differential equations. 
The displacement form of the equations of equilibrium is 
obtained by substituting the pertinent stress-strain and strain dis-
placement relationships in Eqs. 2.6 and 2.8. These equilibrium equations 
in terms of displacements, for the typical element in the elastic 
range, are presented in the Appendix. 
The moiel described in Section 2.3 is obtained by super-
imposing grid 1 on grid 2 (Fig. 7). By so doing, shear nodeS combine 
with the direct stress node, and vice versa, thus defining complete 
stress and strain tensors at each point. Also both the u and w displace-
ments are defined at each displacement node and represent components of 
a complete displacement vector. Every one of the component grids 
approximates one half of the continuum. The equations derived for the 
single grid model, are accordingly valid for the complete model. Since 
every one of the grids represents half of the vessel, and both of them 
act independently in the elastic stage, a mesh uncoupling problem can 
be expected. A study of the finite difference operators presented in 
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the Appendix exposes the problem. The best illustration can be found 
in the e~uilibrium e~uations for the typical node. The operator 
associated with the z e~uation is a perfect example of uncoupling. The 
terms in the e~uation refer exclusively to the displacements defined 
in a single network. In the r e~uation, however, a slight amount of 
coupling is obtained from the terms involving the w displacements 
defined one space above and below the central displacement node. These 
terms come from a Poisson effect and result from the averaging techni~ue 
adopted for E at (i,j). 
z 
A limited amount of coupling is also obtained from the 
Poisson effect in the special e~uations written for nodes located at 
the free and the loaded surfaces of the vessel. The operators 
presented in the Appendix, for nodes at or near these boundaries, 
illustrate this situation. 
In spite of all these evidences of uncoupling, if the 
external forces are distributed properly into the two component 
networks, the results obtained for both systems are in very good 
agreement. 
2.5. Prestressing 
2.5.1. Longitudinal Prestressing 
Two types of prestressing action can take place depending 
upon whether or not bond exists between the tendons and the concrete, 
i.e., whether the cables are grouted or ungrouted. The difference 
between the two, bonded and unbonded,. is related to the additional 
prestressing load associated with the deformations of the vessel caused 
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by the application of internal pressure. 
The increase in the prestressing load from an ungrouted 
tendon is proportional to the incremental vertical displacement at the 
distribution plate. 
d> 
An ungrouted cable subjected to the increased deformation of 
the vessel is uniformly strained along its length. The existing 
strain is increased when the vessel elongates, as a conse~uence of the 
application of internal pressure. This increment in strain produces 
a proportional increment in the prestressing load acting on the vessel. 
Consequently, the prestressing load per cable is increased by: 
where 
(2.10) 
6w is the increment in vertical displacement at the distribution plate, 
caused by incrementing the internal pressure; H is the height of the 
vessel; Est' the Young1s modulus of the steel, and A£p is the cross-
sectional area of the longitudinal cable. 
Since the prestressing tendons are made of high-strength 
steel, the proportionality between deformations and the corresponding 
forces induced in the cables may be assumed to prevail throughout the 
complete loading process. Conse~uently, Eq. 2.9 holds at all stages 
of loading. The small deviations from the nonlinear stress-strain 
characteristics of the steel, as it nears its ultimate strength, are 
not significant. 
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The incremental effect in the grouted cable, on the other 
hand, is localized. It can be evaluated, at a particular point, by 
the expression: 
1\ ij= A 
uE L t n Z S .t.p (2.11) 
where D.Eij is the longitudinal strain at (i,j) caused by the increase 
z 
in internal pressure. 
2.5.2. Circumferential Prestressing 
As pointed out above, the circumferential prestressing is 
ungrouted. Its effect is comparable to a steel jacket confining the 
vessel laterally. Since the spacing of the hoops is normally small, 
the replacement of the prestressing steel by a cylindrical steel 
jacket is a perfectly valid assumption. 
The equivalent pressure applied at the exterior surface of 
the cylindrical wall can be obtained by equating the prestressing 
force in one hoop, F ,to the resultant normal pressure acting on a 
cp 
ring of wall corresponding to the hoop spacing. See Fig. 10. The 
equivalent pressure, a ) is: 
cp 
a 
cp 
2F 
~ 
Ds (2.12) 
where F is the prestressing force, D is the exterior diameter of the 
cp 
vessel, and s is the spacing of the circumferential cables. 
As in the case of the ungrouted longitudinal prestressing 
the increase in prestressing load caused by the incremental deformations 
of the wall is: 
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6F 
cp 
DU E A 
D/2 st cp (2.13) 
where 6u is the radial displacement increment at the exterior surface 
OI the cylinder) and A is the cross-sectional area of the cable. 
cp 
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III. CONSTITUTIVE RELATIONS OF THE MATERIALS 
3 .1. General 
Two materials playa structural role in the prestressed 
concrete pressure vessel, concrete and steel. The concrete contains 
and transmits the pressure to the prestressing steel which provides 
the structural integrity to the vessel. 
Concrete, as the material that constitutes the continuum in 
our analYSiS, can be assumed to be perfectly homogenous and isotropic. 
This is a universally accepted assumption at the macro scale of the 
structure. 
For the most part, the concrete in the vessel is under a 
triaxial state of stress. This stress state becomes biaxial at' or 
near the unloaded free surfaces. It is an accepted fact that concrete 
under a triaxial state of stress, in a purely compressive field, 
exhibits a marked increase in strength. 5,21 This strength increase is 
pot quite clear in the case of a biaxial state of compressive stresses. 
However, if concrete is subjected to a biaxial state of tensile and 
compressive stresses, the resulting strength in both directions, is 
less than under uniaxial conditions. 2 ,16 Even though these trends are 
well-known, there is no general failure theory that fully describes 
the behavior of concrete under all multiaxial states of stress. 
If concrete is idealized to behave as a perfectly elasto-
plastic material in compression, a yield criterion like Tresca's or 
von Mises could be used at points of high compres~ion. The analytical 
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results obtained in this study, however, show that the stress states 
which could possibly cause yielding in compression occur very late in 
the loading process. High compressive stresses are, actually, the 
consequence of an advanced degree of cracking. Inelastic behavior is 
both triggered and propagated through the continuum by a IDultiaxial 
state of stress where tensile stresses are present. Since cracking 
represents the primary contribution to nonlinear vessel behavior until 
the failure mechanism is clearly defined, considerations of plasticity 
have not been taken up in this study. 
Concrete behavior in tension is essentially brittle, whether 
the state of stress is uniaxial or multiaxial. In this analysis, 
concrete is assumed to be perfectly elastic in tension right to the 
point when cracking occurs, i.e., to exhibit elastic-fracture behavior. 
It is further assumed that even for an advanced degree of inelastic 
structural behavior, the concrete under purely compressive stresses 
still has not reached-a state of plasticity. 
The prestressing steel in a pressure vessel is in a uniaxial 
state of tension. The only problem associated with the determination 
of its behavior is stress relaxation. The term stress relaxation 
refers to the loss of prestressing in a steel tendon while practically 
no change occurs in its length. At room temperature, this phenomenon 
is significant only after a long peri~d of time following prestressing. 
This problem, of great importance in the design of nuclear reactors 
where the operational temperature is very high, is not taken into account 
in this study. The prestressing loads are considered to change only 
as a function of the variations in length of the tendons, caused by 
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deformations of the vessel under internal pressure. Since the pre-
stressing cables are made of high-strength steel, the tendons can be 
expected to behave linearly from the application of the initial 
prestressing load up to vessel failure. 
3.2. Elasticity Relations for the Continuum 
The stress-strain relationships for a homogenous and 
isotropic material in the elastic region, are given by Hooke's law. 
In matrix form: 
(a} [S](E} 
where (a) represents the stress vector; [SJ, the matrix of elastic 
coefficients and (E), the strain vector. 
Since the shear stresses and strains in planes re and ez are 
identically equal zero, the expanded matrix form of HookeYs law becomes: 
far 1 f(l-v) v v 0 1 r:: l (l-V) Icr E V V 0 . j z i c 
4 f cr e ( 
(l+V) (1-2v) V V (l-v) o 11 Ee I (3·2) 
I J 1 I i l.r . 0 0 0 (l-2v)j il l L rz 2 .... l rz j 
where E is the modulus of elasticity of concrete, and V its Poisson's 
c 
ratio. 
This set of relationships are assumed to describe the elastic 
behavior of concrete. 
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3.3. Orthotropic Properties in Cracking State 
Because the vessel under study is axi-symmetric" only two 
directions exist for the crack to form: (a) a radial plane containing 
the longitudinal axis of the cylinder" and (b) a surface of revolution 
(conical if the crack as seen in the rz plane is straight) centered 
about the longitudinal axis. Figures 11 and 12 show these two types 
of cracks as they occur in the elemental unit corresponding to one 
stress node. The first type" the radial crack" results from the 
circumferential strain exceeding the specified limiting value assumed 
as the cracking criterion. The second form of cracking is related to 
the maximum principal strain in plane rz. Figure 13 illustrates the 
trace of this second type of crack in the radial plane. Axis I" in 
the direction of the maximum principal strain" forms an angle ~ with 
the r axis. Conse~uently" the second principal axis, axis II" 
coincides with the direction of the trace of the crack. 
The stress-strain relationships for the isotropic material 
in its uncracked condition are given by Eqs. 3.1 and 3.2. 
After the node has cracked it suddenly takes on orthotropic 
properties. These new orthotropic properties of the material" in 
the r,z and 8 directions" are described by: 
{a} [C] {E} 
The matrix [C] can be obtained by the principle of conservation of 
energy between the two orthogonal sets of directions r"z,8 and 1,,11,8. 
The energy e~uality is expressed by 

T (E} (a} T (E } (a } p p 
30 
where the subscript p is used to indicate principal quantities and the 
superscript T follows standard notation for the transpose of a vector 
or a matrix. 
The stress-strain relationships at the cracked node are 
defined in accordance with the nature of the crack. Symbolically, 
(0 } p [C ] [E } P P 
The vector (E } is related to vector (E} through the transformation: 
.. p . 
or 
rEI fcos 213 . 213 0 1 . 213l Sln - Sln 2 ! I ! I I ~ En I 1 . 213i I 2 2 lSi: ~ cos 13 0 2" Sln I ! 
; Ee 0 1 0 ( 
l ) j 
Substituting Eq. 3.6 into Eq. 3.4 yields, 
T (E} [C](E} 
Hence, the orthotropic properties in the r, z, e directions, at the 
cracked node, are given by: 
[C] [T ]T[C J[T ] 
E P E 
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The matrix [C] is a fully occupied matrix if the crack develops into 
the conical surface. 
If the crack develops in the radial plane, the previous 
approach is unnecessary. For such a case [C] is given by: 
f(l-V) -
I 
V 0 0 
I (l~v) I V 0 0 I E , ; 
[C] c (3.9) (l+v) (1-2v) 0 0 0 0 
1 , o· 0 0 2 (1-2v) : 
-' 
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IV. BOUN~RY CONDITIONS 
4.1. Introductory Remarks 
As mentioned in the Introduction the lumped parameter model 
being used in this study, greatly facilitates the treatment of boundary 
conditions. The stepwise formulation of the equilibrium equations in 
terms of radial and longitudinal disp~acements, by incorporating 
stress-strain and strain-displacement relationships in the equilibrium 
equations, provides for the introduction of geometric and force boundary 
conditions in a simple and direct way. 
The equilibrium equations for a point on or near the boundary 
is developed in exactly the same manner as is the equation for the 
typical mass node. A wedge-shaped element, properly dimensioned to 
represent the appropriate material, is loaded with the forces acting 
on its six bounding faces. These forces, which may be either external 
loads or resultants of stresses, integrated over the areas of the 
a?sociated stress nodes, are projected on the rand z axes in order 
to generate the corresponding equilibrium equations. At this stage, 
boundary conditions imposed on stresses, can be introduced. Similarly, 
when substituting for strains and later for displacements, boundary 
conditions related to strains and displacements can be incorporated. 
Boundary conditions at deformable nodes which lie on the 
boundaries require the re-formulation of the strain-displacement 
relationships. Equations 2.4, presented for the typical stress node, 
cannot be used because they would include displace~ents defined at 
points outside the model. The new strain-displacement relationships, 
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involving only displacements of nodes within the model, are obtained 
by specifying externally applied stresses at the boundary points. 
If the stress-strain and strain-displacement relationships 
are substituted into the e~uilibrium e~uations, a set of finite 
difference-type operators is obtained. Each operator is an expression 
of the corresponding e~uilibrium e~uation written in terms of the 
displacements involved. The Appendix presents some of these operators 
developed for the material in elastic condition at various character-
istic locations throughout the ~uarter section representing the vessel. 
4.2. Nodes on the Axis of Symmetry 
Since mass nodes on the longitudinal axis of symmetry can 
only move in a vertical direction, the radial displacements defined at 
these nodes are identically e~ual to zero. This condition, by itself, 
takes the place of the e~uilibrium e~uation in the r direction, 
o (4.1) 
The z e~uation is formulated by considering a special mass 
element. Figures l4(a) and (b) show such a special mass element 
located at the axis of symmetry. The forces acting on the bounding 
faces, and the associated set of displacements and stress nodes are 
also shown. Projecting forces on the z axis and rearranging terms 
the following e~uation is obtained: 
c d a 
a - a l' 
z r.. z + 4 r..rz = 0 (4.2) 
z r 
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New strain-displacement relationships need to be adopted for 
a stress node located on the axis. Considering stress node c in 
Fig. l4(b): 
c u 2 " 
E 2~ 
r A-
r 
c c 
Ee E r 
(4.4) 
c 0 
'rz 
Equation 4.3 is developed by stipulating that the radial displacement 
of the node to the left of the axis is equal in magnitude to displace-. 
ment u2j and opposite in sign. 
Equation 4.4 simply states that when r approaches zero, the 
tangential strain is equa~ to the radial strain. This relation is 
readily proved by investigating the limit, as r goes to zero) of the 
strain displacement relations. 
E 
r 
dU 
~ 
u 
r 
As r goes to zero) 
limit 
r~O 
limit 
r ~ 0 
du 
dr 
(~) 
r 
(du?r) dr dr 
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The shear strain is zero at the axis of symmetry. The 
general equation for the longitudinal strain does not require reformu-
lation. 
4.3. Nodes at Mid-Height of the Vessel 
A typical mass node at the roller support, simulating the 
symmetry conditions at mid-height of the vessel, is represented in 
Fig. 15 by its grid equivalent. 
At the stress node in position d, which is the mirror image 
of stress node point c, the shear stress is equal in magnitude and 
opposite in sign to that at c, d c i.e., T =-T If this condition 
rz rz 
is introduced into Eq. 2.6, the equilibrium equation in the radial 
direction for a typical node at the support is obtained, 
abc 
a - a T 
___ r ___ ~____ r + 2 ~rz + 
r z 
r. 
l 
o 
The longitudinal displacement of a mass node at this 
(4.6) 
fictitious support, used for the line of symmetry, is necessarily equal 
to zero. This condition replaces the regular z equation, 
o 
Only the strain-displacement relationship in the z direction 
needs to be reformulated at the mid-height of the vessel. From 
symmetry considerations at stress node a: 
a 
E Z (4.8) 

4.4. Nodes on the Loaded Surfaces 
The case of a mass element on the exterior surface of the 
side wall is presented to illustrate the salient points in the develop-
ment of the e~uations for a node on a loaded surface. Nodes on the 
other loaded surfaces would be similarly generated. Figure 16 
illustrates the grid arrangement surrounding a mass node on the outside 
wall. 
The e~uilibrium e~uation in the z direction, obtained by 
isolating the mass element and projecting the forces on its faces on 
the z axis, is: 
c 
cr 
z 
d 
- cr 
z 
A. 
z 
b 
'r 
rz 
r. 
J. 
o 
There is a close correspondence between the terms in this e~uation and 
those in the e~uilibrium e~uation for the typical'mass node. Thecr 
z 
term is multiplied by the factor (l-A. /4r.) to correct for the special 
r J. 
shape of the mass element. As for the shear terms, the first one can 
be rationalized by observing that the shear stress at the exterior 
surface is zero, and since the element width is A. /2, A. /2 should be 
r r 
used as the discrete interval in the finite difference e~uivalent of 
d'r 
rz 
dr· The third term, Tb , is taken to represent the shear stress at rz 
the center of the mass element. 
The e~uation in the r direction can be obtained from a typical 
r direction e~uilibrium e~uation, E~. 2.6, by observing that, at the 
exterior surface of the wall, the shear stresses 'r c and 'rd are e~ual 
.rz . rz 
to zero and that the discrete interval along the r axis is A. /2. 
r 
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Incorporating these conditions in the equation and substituting the 
a 
circumferential prestressing equivalent pressure G for ar' the new 
. cp 
equation of equilibrium in the radial direction becomes: 
+ b b ij acp a a Ge r r 
-2 ~ + r. o (4.10) 
r l 
The radial and tangential strains at stress nodes c and d 
cannot be expressed directly in terms of the general strain-
displacement relationships. Instead, the boundary condition that the 
stresses at c and d equal the applied external pressure is used, 
a 
cp 
From the stress-strain law: 
(4.11) 
(4.12) 
where the extensional coefficients Cll through C14 are evaluated 
according to the provisions given in Chapter III. The general strain-
displacement relations for E~ and E~ , 
C 
E 
r 
ui +lj+l - u i _lj+l 
~ 
r 
u. l' 1 + u. l' 1 l+ J+ l- J+ 
2r. 
l 
(4.13) 
(4.14) 
suggest the utilization of a ficticious displacement node one half a 

space from the wall. Substituting E~s. 4.16 and 4.15 in E~. 4.14, 
the fictitious radial displacement u. l' 1 is obtained. l+ J+ 
A similar approach is followed for nodes on the other loaded 
and free surfaces of the vessel. 
4.5. Node at Re-entrant Corner 
Either a mass node or a deformable node c"an be placed at the 
re-entrant corner. Each of the two alternatives have advantages and 
disadvantages depending on how far the analysis of the vessel is to 
proceed. Since each of the nodal placements is useful, under different 
circumstances, both are discussed below. 
A mass or displacement node at the re-entrant corner 
eliminates the need to define the "average" strain and stress tensors 
at this location. Since the discontinuity at the corner induces highly 
concentrated stresses, average stresses and stra~ns do not closely 
represent the physical reality of this location. The average values 
one half space from the corner give a more realistic estimate of the 
stress and strain states in the neighboring region. This arrangement 
is the most convenient for elastic analysis. 
~~en proceeding beyond the elastic range, there is a high 
probability that because of the stress concentration at the re-entrant 
corner, the first crack will initiate there. The model is such that 
cracks can only take place at stress nodes. For this reason, it is 
necessary, or at the least extremely desirable, to have a stress node 
at the re-entrant corner when analyzi~g inelastic behavior. The 
stresses and strains measured at the re-entrant corner are, with this 
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arrangement, smaller than the true values since they represent 
averages over the associated areas. 
Figure 17 shows the grid node arrangement around the 
re-entrant corner. The strain-displacement relations at the corner 
need not be reformulated. However, some of the e~uilibrium e~uations 
for the neighboring mass elements are affected. 
If the radial direction e~uilibrium e~uation for mass node 3 
is taken as an example, it can be seen that a special situation develops 
at the face containing stress node b. The typical e~uilibrium 
e~uation in the r direction, 
a 
a 
r 
b 
- a 
r 
----+ 
f.... 
r 
C 
'T 
rz 
d 
- 'T 
rz 
-----+ 
f.... 
z 
r. 
l 
o (4.15) 
b 
can still be used provided a is redefined, in such a way that the 
r 
resulting force at face b e~uals the sum of the resultants of the 
applied internal pressure p and the stress at b, integrated over the 
associated areas. b In this case, this condition means that ar' in the 
preceeding e~uation, needs to be replaced by: 
-b 
a 
r 
b because p and a each act on half of the face area of node b. 
r 
(4.16) 
The e~uilibrium e~uation in the z direction at mass node 2 
is derived in a similar manner. 

v . CO~PUTATIONAL TECHNIQUE 
5.1. The Numerical Problem 
The numerical method, used in this study, is based on a 
discrete model which has been shown to be mathematically consistent 
with the continuum. This model reduces the continuum to a system which 
is completely defined by a finite number of variables. The formulation 
of the problem is obtained directly from the fundamental principles of 
mechanics and basic behavior of materials. Such a formulation leads 
to a system of linear algebr~ic equations which are intuitively 
meaningful. The solution of such a system of equations can be 
conveniently obtained by the use of digital computers. 
The IBM 360-50/75 system operated by the Department of Computer 
Science of the University of Illinois has been used both in generating 
and solving the discrete equations of equilibrium. 
Before going into specifics on the utilization of this method, 
a brief general description of the procedure is given. 
5.2. Computational Procedure 
Since the full range of vessel behavior includes a nonlinear 
phase, the solution of the problem is carried out incrementally, in a 
piecewise linear fashion. This permits a re-evaluation of the stiffness 
coefficients and load terms each time the discrete system representing 
the continuum is modified. It becomes necessary to regenerate some of 
the governing equations when localized cracking is. initiated, or when 
the loading is incremented. Each equilibrium equation is expressed in 
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terms of displacements, by a sequeLtial substitution of stress-strain 
and stress-displacement relationships into the original equation. 
Concrete at a deformable node is considered to have cracked 
if the average tensile strain in any direction at that node has reached 
a certain limiting value. The formation of a crack is followed by a 
re-evaluation of the stiffness coefficients of the discrete system, in 
such a way that the material at the cracked node exhibits orthotropical 
properties consistent with no tensile resistance in a direction 
perpendicular to the crack. 
After the crack has been introduced the energy released from 
the node at cracking is redistributed throughout the network in order 
to re-establish the equilibrium of the system. A close surveillance 
of the strain condition, at the deformable nodes, is kept so that new 
nodes that may in turn crack as a consequence of previous cracking can 
be treated in a similar manner before proceeding. This repetitive 
process is continued until the crack ceases to propagate without 
increase in load. Once the crack is arrested, the internal pressure 
is increased until a new node reaches the limiting value assumed as 
the cracking strain criterion. 
5.3. Solution of the Equations 
As indicated above, the resulting system of algebraic 
equilibrium equations in u and w displacements are equivalent to the 
finite difference discretization of the partial differential equations 
governing the continuum. 

These differential equations can be reduced to two 
independent, second order, linear, partial differential equations 
of the elliptic type in u and w. This being the case, and knowing 
that the exact boundary-value problem possesses a solution, the 
approximate discrete problem produces results that, as the grid is 
continually refined, tend to the exact solution. 8,12 
In matrix form, the system of algebraic equations is 
expressed by: 
[Ml[d} (P} (5.1) 
wbere (d} is the displacement vector; [MJ the coefficient matrix 
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formed by the equilibrium equations, and (P} is the vector corresponding 
to the load terms. 
In expanded form: 
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where the subscript on the displacements represents the se~uential 
order of the displacement nodes, n is the number of displacement nodes 
in the grid, and Frk and Fzk are the load terms in the e~uations for 
the mass node of location k. 
Since only a few displacements, defined at the displacement 
nodes surrounding the element, are present in each one of the e~uations, 
Matrix [MJ is a tightly banded matrix. With the L-shaped geometry of 
the cross section of the vessel, the minimum band width is achieved by 
employing a diagonal numbering system as opposed to column or row 
numbering. This reduction decreases considerably the space required 
for the solution of the e~uations in the computer. Because the 
coefficients along the diagonal are dominant, the Gauss-Seidel method 
of solution is used with advantage. 
5.4. Extrapolation to Crack Occurrence 
As discussed in Chapter III, two basic types of cracks, 
radial and conical, can occur in the vessel. The occurrence of 
cracking is initiated when a principal strain exceeds the cracking 
criterion. 
The condition of ax i-symmetry, which results in rre and fez 
being identically zero, establishes Ee as one of the principal strains. 
The other principal strains are obtained from the direct and shear 
strains in plane rz. The maximum principal strain in plane rz is: 
El = ! [E + E + l' ~ E _ E ) 2 + ,2 I 
2 r z V' r z. rz 
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The two strains, Ee and El , indicate whether a stress node is in an 
elastic ,or a cracked condition. 
After a crack has formed at the location of a stress node, 
the related stiffness coefficients need to be changed to reflect the 
presence of the crack. 
In order to advance from a certain loading stage to the 
initiation of a new crack, it is necessary to determine the internal 
pressure level at which this new crack develops. Let E;r, E;r, E~r 
and ,pr refer to the strain state at the conclusion of all previous 
rz 
cracking and prior to the new pressure increment and 6E , 6E , 6E~ 
r z v 
6)' indica te the strain increments caused by an increase 6p of the 
rz 
internal pressure. The elastic strains at the moment of cracking are: 
cr 'Or F 6E E E- + r r r 
cr pr F 6E E E + Z Z z 
cr pr (5.4) 
Ee Ee + F 6Ee 
cr ,pr + F 6, 
'rz rz rz 
where F is the factor that scales the pressure increment 6p to the 
level that will cause the next crack to form. 
If the crack is radial, the cracking condition is: 
E 
cr 
where E is the strain value selected as the cracking criterion. In 
cr 
this case F, as found from E~. 5.5, is given by: 
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F 
On the other hand, if the crack is conical, El is equated to 
E and the following second degree equation in F is obtained: 
cr 
The roots from this equation are evaluated according to the particular 
strain situation existing at the node being investigated. 
Scaling factors F are computed at all the stress nodes in 
the network that remain in elastic condition in either one or both of 
the principal directions in which the node can crack. The lowest 
F value corresponds to the initiation of the next crack. 
5.5. Crack Propagation 
The formation of a crack is accompanied by a local release 
of elastic energy. The energy is absorbed by the rest of the continuum 
through a natural process of redistribution of stresses and strains. 
This natural process is simulated in the model by reanalyzing 
the modified discrete system that includes the new crack. Once the 
balance of energy is re-established, it is necessary to review the 
strain state throughout the vessel. If additional cracking is in 
evidence, i.e., if the crack has propagated without an increase in 

loading the artificial redistribution process is repeated. This 
procedure is continued until the crack ceases to propagate. 
In the early stages of loading) crack propagation is not 
likely to occur. The load is increased incrementally from the 
formation of one crack to the next. But) when cracking has become 
wide spread, a succession of cracks forms nearly every time the 
internal pressure is increased. 
46 
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VI. NUMERICA.L RESULTS 
6.1. General Remarks 
A sample problem chosen to demonstrate the applicability of 
the lumped parameter model is presented and discussed in this chapter. 
This sample problem corresponds to one of the small-scale vessels 
tested at the Structural Laboratory of the University of Illinois. The 
analytical results obtained here are compared with the experimental 
data. 
Four stages of loading have been selected to illustrate the 
behavior of the sample vessel throughout the loading process. They 
. correspond to: (a) prestressing alone (zero internal pressure), (b) the 
state just prior to the formation of the first crack, (c) an intermediate 
stage in the inelastic range and (d) the load level at the time the 
analysis was terminated. The case of the unprestressed vessel subjected 
to internal pressure is also included and presented for reference. 
6.2. The Sample Problem 
The dimensions, prestressing conditions, and msterial 
properties assumed for the sample problem were chosen to correspond 
to the dimensions and properties of one of the vessels tested at the 
University of Illinois. The vesselTs external diameter, D, is 3 ft. 4 in. 
and its total height, H, is 6 ft. 8 in. The slab has a depth, t , of 
s 
9 inches. The cylinder has a wall thickness, t , of 5 inches. 
c 
The vessel is prestressed lo·ngi tudinally by 30 high-strength 
steel ungrouted cables, 0.151 sq. in. in cross-sectional area, loaded 
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initially with 25.2 kips each. These ~Dgrouted prestressing cables 
are placed at a distance of 3 in. from the outside surface of the wall. 
The circumferential prestressing is provided by a single cable with a 
cross-sectional area of 0.029 s~. in. The cable is helically wrapped 
around the cylindrical body at a spacing of 0.333 in. 
The elastic constants for the materials have been determined 
experimentally. Tne YO"Qng's modulus and Poisson's ratio of the concrete 
are E 4.3 x 106 psi and V = 0.15, and the Young's modulus of the 
c 
steel is Est 6 28 x 10. There is a scarcity of information pertinent 
to the cracking strain of concrete under multiaxial states of stress. 
The value adopted for the cracking strain criterion, E 
cr 
0.00015, 
was selected on the basis of the strains measured during the test of 
the small scale vessel. 
A 6 x 41 grid is used to represent the cylindrical wall, 
while a 9 x 16 grid is employed to approximate the slab. Since the 
analysis is continued until a substantial portion of the vessel is in 
cracked state, the grid layout was selected to place a stress node at 
the re-entrant corner. 
6.3. Behavior of the Vessel 
The significant behavior of the pressure vessel, its ductility, 
is best discussed with the aid of a load-displacement diagram, Fig. 18. 
This figure shows the relationship of the lOJgitudinal displacement at 
the center of the slab versus pressure. The center displacement is 
measured on the upper face of the slab at the axis of symmetry. The 
displacements shown are measured from the vessel already deformed by 
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the prestressing forces. That is,the origin represents the case of a 
fully prestressed vessel under zero internal pressure. The rationale 
for this choice is that the experimental tests have the fully pre-
stressed vessel as their origin. 
The vessel behaves linearly as the internal pressure is 
increased from 0 to 450 psi. Point B identifies the formation of the 
first crack as detected in the lumped parameter model. The first crack 
is a conical crack at the re-entrant corner. Since the stresses at 
the re-entrant corner of the vessel are highly concentrated while the 
stresses and strains that the moiel computes are average values, it is 
clear that in the actual vessel this corner crack is initiated slightly 
earlier in the loading process. Because the stiffness loss due to an 
incipient crack at the re-entrant corner is very small, the analytical 
and experimental results appear in perfect agreement at this point. 
From point B on, new cracks form in succession as the internal 
pressure is increased. Associated with the spreading of cracking the 
general stiffness of the vessel decreases and the straight line that 
characterizes elastic behavior transforms into a curve of decreasing 
slope. 
The analytical broken line extending from B to D is composed 
of slanted and horizontal segments. A slanted segment corresponds to 
the linear behavior of the modified network nodal system which includes 
all those cracks that have formed up to that time. This linear behavior 
prevails until a new crack forms. When the new crack is incorporated 
and the energy released is redistributed into the system a larger 
deformation corresponds to the same load level. The line joining the 

points that represent the deformations of the system just before and 
just after the new crack is, then, horizontal. This horizontal line 
becomes autom~tically extended when additional new cracks are formed 
solely as a consequence of the energy released from the last node to 
crack. 
This terrace pattern is obviously due to the finite piece-
wise approach to the problem of cracking. The heavy line traced from 
B to D provides an approximation to the continuous behavior of the 
structure. 
A dashed line has been traced through the experimental data 
points plotted. A comparison between the analytical and experimental 
results re~eals that although there is excellent agreement in the 
elastic and early inelastic zones, the analytical curve departs from 
the experimental curve as cracking progresses. The small discrepancy 
is in part the product of the selection of the cracking criterion. 
Conceivably, the two curves can be brought into near coincidence by 
adjusting the cracking criterion to a slightly higher value. Neverthe-
less, the similarity between the slopes 01- these two curves is highly 
significant in assessing the usefulness and potentials of the method 
of analysis. 
Figure 19 provides a comparison between the longitudinal 
displacements computed across the upper face of the slab for three 
levels of loading and the corresponding experimental values. At 
p = 450 psi, when-the first crack develops, there is a perfect agreement 
at the center; little can be said about the rest of the values because 
of the limitations of the experimental equipment when dealing with very 
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sma~l deformations. A much better general agreement can be observed 
between the other two pairs of curves. Because of the uncertainty in 
the cracking criterion adopted the analytical values for p = 580 psi 
and p 
for p 
666 psi are compared to the TTequivalent ll experimental results 
600 psi and p = 700 psi. 
Figures 20 through 22 illustrate the state of stress that 
~ould be caused by the application of internal pressure to an unpre-
stressed vessel. For this purpose, the material is considered to 
behave elastically. Figure 20 shows the radial stresses prevailing at 
the·levels of the upper and lower faces of the slab. Similarly, the 
longitudinal stresses along the external and internal surfaces of the 
cylinder are presented in Fig. 22. The circumferential stresses in 
both the slab and the cylinder are given in Fig. 21. The concentration 
of high tensile stresses and strains at the re-entrant corner is clearly 
visiple in all the figures. Other regions of interest are the central 
portions of the slab, both near the upper and the lower surfaces. In 
the upper region, tensile stresses prevail in the radial and circum-
ferential directions. The compressive stresses in the lower region, 
that result from bending of the slab, are greatly increased when the 
vessel is subjected to the compression field produced by the prestressing 
systems. 
As mentioned above, the first crack is formed at the 
re-entrant corner. Figures 23 through 27 illustrate the state of 
stresses and strains that determine the initiation of such a crack. 
Especially significant are the maximum strain trajectories in rz plane. 
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The cracks that develop after the corner crack are mainly 
radial. Some conical cracks naturally form in the neighborhood of the 
axis of symmetry. All this subsequent cracking occurs in the central 
upper region of the slab. As the load increases, the radial cracks 
extend rather quic~~y toward the outside of the cylinder, and more 
slowly downward from the upper face of the slab. After the radial 
cracking in the upper region of the slab has become widespread) the 
crack at the re-entrant corner propagates toward the outside of the 
wall. This conic~l crack, which initiates at approximately 45 0 from 
the horizontal) flattens out sloNly as it progresses toward the 
longitudinal prestressing cables. Figures 28 t.hrough 33 characterize 
the vessel at this cracking stage. Figure 33, in particular, describes 
graphically the extent and nature of cracking. Since the radial 
cracks have propagated from the axis of symmetry all the way to the. 
external surface of the cylinder, the circumferential stresses at the 
upper surface of the slab are zero. This is shown in Fig. 29. 
If the pressure continues to be increased, the radial cracks 
continue propagating downward toward the bottom of the slab. The conical 
crack at the re-entrant corner, after crossing the longitudinal pre-
stressing tendon, changes to a negative slope and continues to develop 
toward the external surface of the wall. The analysis is terminated when 
the failure mechanism appears clearly defined. For the sample vessel 
under study, this occurs at p = 670 psi. Figures 34 through 37 
illustrate the stress and strain states at the stage when the analysiS 
was stopped. Since cracking is general throughout better than the 
upper 60 percent of the slab and the crack at the re-entrant corner 

53 
separates the wall from the slab, the load is being carried prim:.?Tily by 
an inverted highly compressed dome supported essentially by the longi-
tudinal prestressing cables at the distribution plates. This situation 
is depicted quite clearly by the various figures that characterize this 
loading state. 
The final failure mechanism can be readily identified from 
the analysis of the state of cracking illustrated by Fig. 37. As the 
crack initiated. at the re-entrant corner propag8.tes toward the outside 
of the wall, the amouct of rotational constraint of the slab decreases. 
The slab finally fails in bending as a simply supported circular 
concrete plate. Pie-shaped sectors open up when the radial cracks reach 
the bottom of the slab. These sectors rotate about the crack across 
the 1-1211. 
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VII. CONCLUSIONS AND RECOMMENDA.TIONS FOR FURTHER STUDY 
A discrete element method for the elastic and inelastic 
analysis of cylindrical prestressed concrete reactor vessels has been 
developed. This method utilizes a lumped parameter model based on the 
theory of finite differences. The model provides good estimates of 
the displacements, stresses and strains that result throughout the body 
of the vessel at the various stages in loading, beginning with the pre-
stressing and continuing to near final failure of the vessel. 
The results obtained from the analysis indicate that an 
elastic-fracture approach to the inelastic properties of concrete is 
sufficient to predict the mode of failure of a cylindrical prestressed 
concrete pressure vessel with flat ends. Although considerations of 
plasticity can in principle be included, there is evidence that by so 
doing no major gain is obtained in describing the behavior of the vessel. 
For the sake of completeness, it is desirable to incorporate a general 
failure theory of concrete at the appropriate time in the future when 
such a theory has been developed. 
This lumped p~rameter method can be employed to determine 
which mode of failure results for a vessel with a given combination of 
parameters, general dimensions and prestress. From this view point, the 
method is an invaluable tool for the design of PCRV's, where a ductile 
mode of failure is re~uired. 
The analytical results obtained by the use of the method 
compare favorably with experimental results obtain~d from tests on small-
scale vessels at the University of Illinois. 
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The lumped parameter study presented here represents in effect 
the equivalent to an eXEerimental test of the vessel. When interacted 
with the actual experimental study the combination provides a much 
clearer explanation of the actual behavior of the vessel. 
Pressure vessels with openings can be investigated by means of 
a three-dimensional discrete model. The lumped parameter model used 
here is implicitly a three-dimensional system. With the conditions of 
axi-symmetry present in the problem it was possible to reduce the model 
to a two-dimensional network. Although a major programming effort 
would be involved in employing the model in its three-dimensional form, 
the basic approach employed here does not need to be altered in order 
to make such an extension. 
The effect of thermal gradients across the walls of a vessel 
is an important problem that can be investigated in connection with 
nuclear reactor technology. 
As investigations develop the behavior of concrete under a 
multiaxial state of stress, their results should be incorporated in the 
analysis of PCRVts. There is a particularly urgent need for information 
pertaining to the cracking of concrete under biaxial and triaxial states 
of stress. Until such investigations are conducted, the influence of 
various assumptions on concrete behavior can be studied with the model. 
From this study, it can be determined how sophisticated a failure theory 
need to be to provide an accurate approximation to the behavior of 
prestressed concrete pressure vessels. 
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FIG. 27. CIRCUMFERENTJAL STRAIN TRAJECTORIES FOR PRESSURE OF 450 PSI 
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APPENDIX 
EQUILIBRIUM EQUATIONS OPERATORS 
The finite difference-type operators presented here 
characterize the e~uations of e~uilibrium for some of the typical mass 
nodes in the grid. The corresponding e~uilibrium e~uations in terms 
of displacements have been derived a~cording to the procedure outlined 
in Chapter II. When the numerical analysis is carried out, however, 
the e~uilibrium e~uations are generated within the computer. For the 
sake of Simplicity, the stress nodes involved in these e~uations are 
considered to be in the elastic range. 
The special notation introduced in the operator shown in 
Fig. A-5 is as follows, 
C 1 
c (l-V + y.) 
f.- D 
r 
Al 
1 [ (l-2v) + ~~ CcJ 2f.- f.-
r z ~ 
1 1 vC 
A2 = (- + 21-- ~.) f.-r 2r. 
~ r ~ 
2E A A2 
A3 
st cp 
D2 2r. 1 ~+ 
A4 - (1- 2-)(l-V + _V_) f.- 2r. I-- 2r. 1 r ~ r ~-
vC (l-V _ Y.) A5 c = - 2>10 r. f.-" D r ~ r 
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The displacement e~uilibrium e~uations for the typical 
interior node are given below for reference. 
The equation in the r direction at node (i,j) is: 
+ [(l-V) (1:.. ~ -L)l {l 1 V oJ 
/\ /\ 2r. u, 2' + 2/\ (~+ -)~w. 1· 1 
r r 2 ~ 2- J z r r i j 2+ J+ 
[
-2 (l-v) _ (l-v) _ (1-2V)] {~ (~ _ Y-)} 
+ ,2 2 ,2 u ij + 2/\ /\ r. wi - lj - l 
1'1. r. 1'1. z r 2 
r 2 z 
+ [( l-~v )] u., 2 + {2' V } w.. 2 = ° 0 
2/\ 2J- I'l.zr i 2J-
z 
The e~uilibrium e~uation in the z direction at node (i,j) is: 
{(~;v)} wij+2 + [- 2~z (~ - 2;i)]_Ui -1j+1 
z 
+ {(I;~V) (AI - 2;_ )}+ [2~ (,:- + 2~.)] u i +lj+l 
r r 2 z r 2 
{ (1-V ) ( 1-2v )}'. [1 (1 1)] + -2 /\2 - /\2 wij + 2/\ ~ - 2r. u i - lj - l 
z r z r l ° 
{ ( 1-2v) (1 l} + 2:\ ~ + 2r.) w i+2j 
r r l 
1 
2/\ 
z 
11] (-+ -) 
:\ 2r. 
r l 
u i +ij _l 
A sample of the e~uilibrium e~uations operators is presented 
in Figs. A-l through A-8. 
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arrangement, smaller than the true values since they represent 
averages over the associated areas. 
Figure 17 shows the grid node arrangement around the 
re-entrant corner. The strain-displacement relations at the corner 
need not be reformulated. However, some of the equilibrium equations 
for the neighboring mass elements are affected. 
If the radial direction equilibrium equation for mass node 3 
is taken as an example, it can be seen that a special situation develops 
at the face containing stress node b. The typical equilibrium 
equation in the r direction, 
a b c d 1 a b) ij 0 
- 0 '[ - '[ '2 (0 + 0 CJe r r rz rz r r 0 (4.15) + + = A f... r. 
r z l 
can still be used provided b is redefined, in such a way that the CJ 
r 
resulting force at face b equals the sum of the resultants of the 
applied internal pressure p and the stress at b, integrated over the 
associated areas. In this case, this condition means that CJ~, in the 
preceeding equation, needs to be replaced by: 
--=b 
CJ 
r 
b because p and CJ each act on half of the face area of node b. 
r 
(4.16) 
The equilibrium equation in the z direction at mass node 2 
is derived in a similar manner. 
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v . COXPUTATIONAL TECHNIQUE 
5.1. The Numerical Problem 
The numerical method, used in this study, is based on a 
discrete model which has been shown to be mathematically consistent 
with the continuum. This model reduces the continuum to a system which 
is completely defined by a finite number of variables. The formulation 
of the problem is obtained directly from the fundamental principles of 
mechanics and bas ic behavior of materials. Such a formulation leads 
to a system of linear algebr~ic e~uations which are intuitively 
meaningful. The solution of such a system of e~uations can be 
conveniently obtained by the use of digital computers. 
The IBM 360-50/75 system operated by the Department of Computer 
Science of the University of Illinois has been used both in generating 
and solving the discrete e~uations of e~uilibrium. 
Before going into specifics on the utilization of this method, 
a brief general description of the procedure is given. 
5.2. Computational Procedure 
Since the full range of vessel behavior includes a nonlinear 
phase, the solution of the problem is carried out incrementally, in a 
piecewise linear fashion. This permits a re-evaluation of the stiffness 
coefficients and load terms each time the discrete system representing 
the continuum is modified. It becomes necessary to regenerate some of 
the governing e~uations when localized cracking is. initiated, or when 
the loading is incremented. Each e~uilibrium e~uation is expressed in 

41 
terms of displacements, by a se~ueLtial substitution of stress-strain 
and stress-displacement relationships into the original e~uation. 
Concrete at a deformable node is considered to have cracked 
if the average tensile strain in any direction at that node has reached 
a certain limiting value. The formation of a crack is followed by a 
re-evaluation of the stiffness coefficients of the discrete system, in 
such a way that the material at the cracked node exhibits orthotropical 
properties consistent with no tensile resistance in a direction 
perpendicular to the crack. 
After the crack has been introduced the energy released from 
the node at cracking is redistributed throughout the network in order 
to re-establish the equilibrium of the system. A close surveillance 
of the strain condition, at the deformable nodes, is kept so that new 
nodes that may in turn crack as a conse~uence of previous cracking can 
be treated in a similar manner before proceeding. This repetitive 
process is continued until the crack ceases to propagate without 
increase in load. Once the crack is arrested, the internal pressure 
is increased until a new node reaches the limiting value assumed as 
the cracking strain criterion. 
5.3. Solution of the Equations 
As indicated above, the resulting system of algebraic 
e~uilibrium e~uations in u and w displacements are equivalent to the 
finite difference discretization of the partial differential e~uations 
governing the continuum. 

These differential equations can be reduced to two 
independent, second order, linear, partial differential equations 
of the elliptic type in u and w. This being the case, and knowing 
that the exact boundary-value problem possesses a solution, the 
approximate discrete problem produces results that, as the grid is 
continually refined, tend to the exact solution. 8,12 
In matrix form, the system of algebraic equations is 
expressed by: 
[Ml[d} [P} 
where {d} is the displacement vector; [M] the coefficient matrix 
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formed by the equilibrium equations, and {P} is the vector corresponding 
to the load terms. 
In expanded form: 
\ I (
U l 1 1 Prl \ ! 
\ I Wl Pzl 
I 
I U 2 I 
! I i 
W2 
I 
! 
\ I 
\. I 
\ i \ 1 1 
\ 
" 
< ~ 
" 
(5.2) 
: uk Prk \ 
\ 
\ 
\ 
wk Pzk 
.. 
\ 
\ 
\ 
U P 
\ n rn 
\ 
\ W P L - i.... n~ 
"=-
zn 
/1 
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where the subscript on the displacements represents the sequential 
order of the displacement nodes, n is the number of displacement nodes 
in the grid, and Frk and Fzk are the load terms in the equations for 
the mass node of location k. 
Since only a few displacements, defined at the displacement 
nodes surrounding the element, are present in each one of the equations, 
Matrix [MJ is a tightly banded matrix. With the L-shaped geometry of 
the cross section of the vessel, the minimum band width is achieved by 
employing a diagonal numbering system as opposed to column or row 
numbering. This reduction decreases considerably the space required 
for the solution of the equations in the computer. Because the 
coefficients along the diagonal are dominant, the Gauss-Seidel method 
of solution is used with advantage . 
. 5.4. Extrapolation to Crack Occurrence 
As discussed in Chapter III, two basic types of cracks, 
radial and conical, can occur in the vessel. The occurrence of 
cracking is initiated when a principal strain exceeds the cracking 
criterion. 
The condition of ax i-symmetry, which results in Ire and fez 
being identically zero, establishes Ee as one of the principal strains. 
The other principal strains are obtained from the direct and shear 
strains in plane rz. The maximum principal strain in plane rz is: 
-21 [Er + E
z 
+ " ~E _ E ) 2 + ,2 i V\ r z. rz 
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The two strains, Ee and El , indicate whether a stress node is in an 
elastic -or a cracked condition. 
After a crack has formed at the location of a stress node, 
the related stiffness coefficients need to be changed to reflect the 
presence of the crack. 
In order to advance from a certain loading stage to the 
initiation of a new crack, it is necessary to determine the internal 
pressure level at which this new crack develops. 
and i pr refer to the strain state at the conclusion of all previous 
rz 
cracking and prior to the new pressure increment and LE , LE , LE~ 
r z v 
L~ indicate the strain increments caused by an increaseL~ of the 
'/rz ~ 
internal pressure. The elastic strains at the moment of cracking are: 
cr pr F LE E E + 
r r r 
cr pr 
+ F LE E E Z Z Z 
cr pr (5.4) 
Ee Ea + FLEe 
cr i pr + F Li
rz i rz = rz 
where F is the factor that scales the pressure increment Lp to the 
level that will cause the next crack to form. 
If the crack is radial, the cracking condition is: 
E 
cr 
where E is the strain value selected as the cracking criterion. In 
cr 
this case F, as found from E~. 5.5, is given by: 
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F 
On the other hand, if the crack is conical, El is e~uated to 
E and the following second degree e~uation in F is obtained: 
cr 
(5.6) 
The roots from this e~uation are evaluated according to the particular 
strain situation existing at the node being investigated. 
Scaling factors F are computed at all the stress nodes in 
the network that remain in elastic condition in either one or both of 
the principal directions in which the node can crack. The lowest 
F value corresponds to the initiation of the next crack. 
5.5. Crack Propagation 
The formation of a crack is accompanied by a local release 
of elastic energy. The energy is absorbed by the rest of the continuum 
through a natural process of redistribution of stresses and strains. 
This natural process is simulated in the model by reanalyzing 
the modified discrete system that includes the new crack. Once the 
balance of energy is re-established, it is necessary to review the 
strain state throughout the vessel. If additional cracking is in 
evidence, i.e., if the crack has propagated without an increase in 

loading the artificial redistribution process is repeated. This 
procedure is continued until the crack ceases to propagate. 
In the early stages of loading) crack propagation is not 
likely to occur. The load is increased incrementally from the 
formation of one crack to the next. But) when cracking has become 
wide spread) a succession of cracks forms nearly every time the 
internal pressure is increased. 
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VI. NUJ:.1ERICAL RESULTS 
6.1. General Remarks 
A sample problem chosen to demonstrate the applicability of 
the lumped parameter model is presented and discussed in this chapter. 
This sample problem corresponds to one of the small-scale vessels 
tested at the Structural Laboratory of the University of Illinois. The 
analytical results obtained here are compared with the experimental 
data. 
Four stages of loading have been selected to illustrate the 
behavior of the sample vessel throughout the loading process. They 
. correspond to: (a) prestressing alone (zero internal pressure), (b) the 
state just prior to the formation of the first crack, (c) an intermediate 
stage in the inelastic range and (d) the load level at the time the 
analysis was terminated. The case of the unprestressed vessel subjected 
to internal pressure is also included and presented for reference. 
6.2. The Sample Problem 
The dimensions, prestressing conditions, and material 
properties assumed for the sample problem were chosen to correspond 
to the dimensions and properties of one of the vessels tested at the 
University of Illinois. The vesselfs external diameter, D, is 3 ft. 4 in. 
and its total height, H, is 6 ft. 8 in. The slab has a depth, t , of 
s 
9 inches. The cylinder has a wall thickness, t , of 5 inches. 
c 
The vessel is prestressed longitudinally by 30 high-strength 
steel ungrouted cables, 0.151 s~. in. in cross-sectional area, loaded 
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initially with 25.2 kips each. These ungrouted prestressing cables 
are placed at a distance of 3 in. from the outside surface of the wall. 
The circumferential prestressing is provided by a single cable with a 
cross-sectional area of 0.029 sq. in. The cable is helically wrapped 
around the cylindrical body at a spacing of 0.333 in. 
The elastic constants for the materials have been determined 
experimentally. Tne YO'~ng's modulus and Poisson's ratio of the concrete 
are E 4.3 x 106 psi and V = 0.15, and the Young's modulus of the 
c 
steel is Est 28 x 106. There is a scarcity of information pertinent 
to the cracking strain of concrete under multiaxial states of stress. 
The value adopted for the cracking strain criterion, E 
cr 
0.00015, 
was selected on the basis of the strains measured during the test of 
the small scale vessel. 
A 6 x 41 grid is used to represent the cylindrical wall, 
while a 9 x 16 grid is employed to approximate the slab. Since the 
analysis is continued until a substantial portion of the vessel is in 
cracked state, the grid layout was selected to place a stress node at 
the re-entrant corner. 
6.3. Behavior of the Vessel 
The significant behavior of the pressure vessel, its ductility, 
is best discussed with the aid of a load-displacement diagram, Fig. 18. 
This figure shows the relationship of the lo~gitudinal displacement at 
the center of the slab versus pressure. The center displacement is 
measured on the upper face of the slab at the axis of symmetry. The 
displacements shown are measured from the vessel already deformed by 

49 
the prestressing forces. That is) the origin represents the case of a 
fully prestressed vessel under zero internal pressure. The rationale 
for this choice is that the experimental tests have the fully pre-
stressed vessel as their origin. 
The vessel behaves linearly as the internal pressure is 
increased from 0 to 450 psi. Point B identifies the formation of the 
first crack as detected in the lumped parameter model. The first crack 
is a conical crack at the re-entrant corner. Since the stresses at 
the re-entrant corner of the vessel are highly concentrated while the 
stresses and strains that the m01el computes are average values) it is 
clear that in the actual vessel this corner crack is initiated slightly 
earlier in the loading process. Because the stiffness loss due to an 
incipient crack at the re-entrant corner is very small, the analytical 
and experimental results appear in perfect agreement at this point. 
From point B on, new cracks form in succession as the internal 
pressure is increased. Associated with the spreading of cracking the 
general stiffness of the vessel decreases and the straight line that 
characterizes elastic behavior transforms into a curve of decreasing 
slope. 
The analytical broken line extending from B to D is composed 
of slanted and horizontal segments. A slanted segment corresponds to 
the linear behavior of the modified network nodal system which includes 
all those cracks that have formed up to that time. This linear behavior 
prevails until a new crack forms. When the new crack is incorporated 
and the energy released is redistributed into the system a larger 
deformation corresponds to the same load level. The line joining the 

points that represent the deformations of the system just before and 
just after the new crack is, then, horizontal. This horizontal line 
becomes autom~tically extended when additional new cracks are formed 
solely as a consequence of the energy released from the last node to 
crack. 
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This terrace pattern is obviously due to the finite piece-
wise approach to the problem of cracking. The heavy line traced from 
B to D provides an approximation to the continuous behavior of the 
structure. 
A dashed line has been traced through the experimental data 
points plotted. A comparison between the analytical and experimental 
results reyeals that although there is excellent agreement in the 
elastic and early inelastic zones, the analytical curve departs from 
the experimental curve as cracking progresses. The small discrepancy 
is in part the product of the selection of the cracking criterion. 
Conceivably, the two curves can be brought into near coincidence by 
adjusting the cracking criterion to a slightly higher value. Neverthe-
less, the similarity between the slopes or- these two curves is highly 
significant in assessing the usefulness and potentials of the method 
of analys is. 
Figure 19 provides a comparison between the longitudinal 
displacements computed across the upper face of the slab for three 
levels of loading and the corresponding experimental values. At 
p = 450 psi, when-the first crack develops, there is a perfect agreement 
at the center; little can be said about the rest of the values because 
of the limitations of the experimental equipment when dealing with very 
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small deformations. A much better general agreement can be observed 
between the other two p3..irs of curves. Because of the uncertainty in 
the cracking criterion adopted the analytical values for p = 580 psi 
and p 
for p 
666 psi are compared to the TT equivalent T1 experimental results 
600 psi and p = 700 psi. 
Figures 20 through 22 illustrate the state of stress that 
~ould be caused by the application of internal pressure to an unpre-
stressed vessel. For this purpose, the material is considered to 
behave elastically. Figure 20 shows the radial stresses prevailing at 
the-levels of the upper and lower faces of the slab. Similarly, the 
longitudinal stresses along the external and internal surfaces of the 
cylinder are presented in Fig. 22. The circumferential stresses in 
both the slab and the cylinder are given in Fig. 21. The concentration 
of high tensile stresses and strains at the re-entrant corner is clearly 
visiple in all the figures. Other regions of interest are the central 
portions of the slab, both near the upper and the lower surfaces. In 
the upper region, tensile stresses prevail in the radial and circum-
ferential directions. The compressive stresses in the lower region, 
that result from bending of the slab, are greatly increased when the 
vessel is subjected to the compression field produced by the prestressing 
systems. 
As mentioned above, the first crack is formed at the 
re-entrant corner. Figures 23 through 27 illustrate the state of 
stresses and strains that determine the initiation of such a crack. 
Especially significant are the maximum strain trajectories in rz plane. 
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The cracks that develop after the corner crack are mainly 
radial. Some conical cracks naturally form in the neighborhood of the 
axis of symmetry. All this subsequent cracking occurs in the central 
upper region of the slab. As the load increases, the radial cracks 
extend rather quicY~y toward the outside of the cylinder, and more 
slowly downward from the upper face of the slab. After the radial 
cracking in the upper region of the slab has become widespread, the 
crack at the re-entrant corner propagates toward the outside of the 
wall. This conic~l crack, which initiates at approximately 45 0 from 
the horizontal, flattens out sloNly as it progresses toward the 
longitudinal prestressing cables. Figures 28 through 33 characterize 
the vessel at this cracking stage. Figure 33, in particular, describes 
graphically the extent and nature of cracking. Since the radial 
cracks have propagated from the axis of symmetry all the way to the. 
external surface of the cylinder, the circumferential stresses at the 
upper surface of the slab are zero. This is shown in Fig. 29. 
If the pressure continues to be increased, the radial cracks 
continue propagating downward toward the bottom of the slab. The conical 
crack at the re-entrant corner, after crossing the longitudinal pre-
stressi~g tendon, changes to a negative slope and continues to ievelop 
toward the external surface of the wall. The analysis is terminated when 
the failure mechanism appears clearly defined. For the sample vessel 
under study, this occurs at p = 670 psi. Figures 34 through 37 
illustrate the stress and strain states at the stage when the analysis 
was stopped. Since cracking is general throughout better than the 
upper 60 percent of the slab and the crack at the re-entrant corner 
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separates the wall from the slab, tbe load is being carried prima.rily by 
an inverted highly compressed dome supported essentially by the longi-
tudinal prestressing cables at the distribution plates. This situation 
is depicted quite clearly by the various figures that characterize this 
loading state. 
The final failure mechanism can be readily identified from 
the analysis of the state of cracking illustrated by Fig. 37. As the 
crack initiated at the re-entrant corner propagates toward the outside 
of the wall, the amour.t of rotational constraint of the slab decreases. 
The slab finally fails in bending as a simply supported circular 
concrete plate. Pie-shaped sectors open up when the radial cracks reach 
the bottom of the slab. These sectors rotate about the crack across 
the v1811. 
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VII. CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDY 
A discrete element method for the elastic and inelastic 
analysis of cylindrical prestressed concrete reactor vessels has been 
developed. This method utilizes a lumped parameter model based on the 
theory of finite differences. The model provides good estimates of 
the displacements, stresses and strains that result throughout the body 
of the vessel at the various stages in loading, beginning with the pre-
stressing and continuing to near final failure of the vessel. 
The results obtained from the analysis indicate that an 
elastic-fracture approach to the inelastic properties of concrete is 
sufficient to predict the mode of failure of a cylindrical prestressed 
concrete pressure vessel with flat ends. Although considerations of 
plasticity can in principle be included, there is evidence that by so 
doing no major gain is obtained in describing the behavior of the vessel. 
For the sake of completeness, it is desirable to incorporate a general 
failure theory of concrete at the appropriate time in the future when 
such a theory has been developed. 
This lumped p~rameter method can be employed to determine 
which mode of failure results for a vessel with a given combination of 
parameters, general dimensions and prestress. From this view point, the 
method is an invaluable tool for the design of PCRV's, where a ductile 
mode of failure is re'luired. 
The analytical results obtained by the use of the method 
compare favorably with experimental results obtain~d from tests on small-
scale vessels at the University of Illinois. 
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The lumped parameter study presented here represents in effect 
the equivalent to an ex~erimental test of the vessel. When interacted 
with the actual experimental study the combination provides a much 
clearer explanation of the actual behavior of the vessel. 
Pressure vessels with openings can be investigated by means of 
a three-dimensional discrete model. The lumped parameter model used 
here is implicitly a three-dimensional system. With the conditions of 
axi-symmetry present in the problem it was possible to reduce the model 
to a two-dimensional network. Although a major programming effort 
would be involved in employing the model in its three-dimensional form, 
the basic approach employed here does not need to be altered in order 
to make such an extension. 
The effect of thermal gradients across the walls of a vessel 
is an important problem that can be investigated in connection with 
nuclear reactor technology. 
As investigations develop the behavior of concrete under a 
IDultiaxial state of stress, their results should be incorporated in the 
analysis of PCRV's. There is a particularly urgent need for information 
pertaining to the cracking of concrete under biaxial and triaxial states 
of stress. Until such investigations are conducted, the influence of 
various assumptions on concrete behavior can be studied with the model. 
From this study, it can be determined how sophisticated a failure theory 
need to be to provide an accurate approximation to the behavior of 
prestressed concrete pressure vessels. 
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APPENDIX 
EQUILIBRIUM EQUATIONS OPERATORS 
The finite difference-type operators presented here 
characterize the equations of equilibrium for some of the typical mass 
nodes in the grid. The corresponding equilibrium equations in terms 
of displacements have been derived a9cording to the procedure outlined 
in Chapter II. When the numerical analysis is carried out, however, 
the equilibrium equations are generated within the computer. For the 
sake of simplicity, the stress nodes involved in these equations are 
considered to be in the elastic range. 
The special notation introduced in the operator shown in 
Fig. A-5 is as follows, 
C 1 
c (l-V V) 
--+-A D 
r 
Al 
1 [ (l-2v) + ~~ Cc] 2A A. 
r z ~ 
1 1 vC 
A2 (- + 2"A. ~ ) Ar 2r. 
l r ~ 
2E A A2 
A3 = 
st cp 
D2 2r. 1 ~+ 
A4 (.L 2-) (l-V + v ) A. 2r. "A. 2r. 1 r ~ r ~-
vC (l-V _ y.) A5 c - 2X r. A D r l r 
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The displacement equilibrium equations for the typical 
interior node are given below for reference. 
The equation in the r direction at node (i,j) is: 
[ -2 (l-v) _ (I-v) _ (1-2
V)] {~ (~ _ Y-)} 
+ ,2 2 ,2 u ij + 2/-" ~ r. wi _lj _l 
I.... r. I.... z r l 
r l Z 
[ (l-V) ell )] {l ( 1 v)l + /-.. -:;::- + 2r. U i +2j + - 2/-" -:;::- + r. j w i+lj-l 
r r l . Z r l 
[ (1-2V)] + 2 u .. 2 2/-" lJ- = '0 
Z 
The equilibrium equation in the Z direction at node .(i,j) is: 
{(~;v)} wij+2 + [- 2~z (~ - 2;il].Ui-lj+l 
Z 
+ {(l;~V) ("l - 2;. l}+ [2~ c; + 2; )] u i +lj+l 
r r l z r l 
{ (l-v). (1-2v f~ [1 (1 1)] + -2 12 - 12 j Wij + 2/-" ~ - 2r. u i - lj - l 
f\. f\. Z r l . 
Z r 
A sample of the equilibrium equations operators is presented 
in Figs. A-l through A-8. 
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